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Y (4260) as a mixed charmonium-tetraquark state
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Using the QCD sum rule approach we study the Y (4260) state assuming that it can be described
by a mixed charmonium-tetraquark current with JPC = 1−− quantum numbers. For the mixing
angle around θ ≈ (53.0± 0.5)0, we obtain a value for the mass which is in good agreement with the
experimental mass of the Y (4260). However, for the decay width we find the value ΓY ≈ (1.0± 0.2)
MeV which is not compatible with the experimental value Γ ≈ (88±23)MeV. Therefore, we conclude
that, although we can explain the mass of the Y (4260), this state cannot be described as a mixed
charmonium-tetraquark state since, with this assumption, we can not explain its decay width.
PACS numbers: 11.55.Hx, 12.38.Lg , 12.39.-x
I. INTRODUCTION
Many of the charmonium-like states recently observed
in e+e− collisions by BaBar and Belle collaborations do
not fit the quarkonia interpretation, and have stimulated
an extensive discussion about exotic hadron configura-
tions. The production mechanism, masses, decay widths,
spin-parity assignments and decay modes of these states,
called X, Y and Z states, have been discussed in some
reviews [1–5]). Among these states, the Y (4260) is par-
ticularly interesting. It was first observed by BaBar col-
laboration in the e+e− annihilation through initial state
radiation [6], and it was confirmed by CLEO and Belle
collaborations [7]. The Y (4260) was also observed in
the B− → Y (4260)K− → J/Ψπ+π−K− decay [8], and
CLEO reported two additional decay channels: J/Ψπ0π0
and J/ΨK+K− [7].
Since the mass of the Y (4260) is higher than the
D(∗)D¯(∗) threshold, if it was a normal cc¯ charmonium
state, it should decay mainly to D(∗)D¯(∗). However, the
observed Y state do not match the peaks in e+e− →
D(∗)±D(∗)∓ cross sections measured by Belle [9] and
BaBar [10, 11]. Besides, the Ψ(3S), Ψ(2D) and Ψ(4S)
cc¯ states have been assigned to the well established
Ψ(4040), Ψ(4160), and Ψ(4415) mesons respectively,
and the prediction from quark models for theΨ(3D) state
is 4.52 GeV. Therefore, the mass of the Y (4260) is not
consistent with any of the 1−− cc¯ states [2, 3, 12].
There are many theoretical interpretations for the
Y (4260): tetraquark state [13], hadronic molecule of
D1D, D0D
∗ [14], χc1ω [15], χc1ρ [16], J/ψf0(980) [17], a
hybrid charmonium [18], a charm baryonium [19], a cusp
[20–22], etc. Within the available experimental informa-
tion, none of these suggestions can be completely ruled
out. However, there are some calculations, within the
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QCD sum rules (QCDSR) approach [3, 23–25], that can
not explain the mass of the Y (4260) supposing it to be a
tetraquark state [26], or a D1D, D0D
∗ hadronic molecule
[26], or a J/ψf0(980) molecular state [27].
In this work we use again the QCDSR approach to the
Y (4260) state including a new possibility: the mixing
between two and four-quark states. This will be imple-
mented following the prescription suggested in [28] for
the light scalar mesons. The mixing is done at the level
of the currents and was extended to the charm sector
in Ref. [29], in order to study the X(3872) as a mixed
charmonium-molecular state. In particular, in Ref. [29],
the mass and the decay width of the X(3872), into 2π
and 3π, were evaluated with good agreement with the
experimental values. Agreement with the experimental
results has been also obtained, applying this same ap-
proach, in the study of the X(3872) radiative decay [30],
and also in the X(3872) production rate in B decay [31].
In the next sections we consider a mixed charmonium-
tetraquark current and use the QCDSR method to study
both, mass and decay width, of the Y (4260).
II. CONSTRUCTING THE TWO-QUARK AND
FOUR-QUARK OPERATOR
In order to define a mixed charmonium-tetraquark cur-
rent we have to define the currents associated with char-
monium and four-quarks (tetraquark) states. For the
charmonium part we use the conventional vector current:
j
′(2)
µ = c¯a(x)γµca(x), (1)
while the tetraquark part is interpolated by [26]
j(4)µ =
ǫabcǫdec√
2
[
(qTa (x)Cγ5cb(x))(q¯d(x)γµγ5Cc¯
T
e (x)) +
+(qTa (x)Cγ5γµcb(x))(q¯d(x)γ5Cc¯
T
e (x))
]
. (2)
As in Refs. [28, 29], we define the normalized two-quark
current as
j(2)µ =
1√
2
〈q¯q〉 j′(2)µ , (3)
2and from these two currents we build the following mixed
charmonium-tetraquark JPC = 1−− current for the
Y (4260) state:
jµ(x) = sin(θ) j
(4)
µ (x) + cos(θ) j
(2)
µ (x), (4)
III. THE TWO-POINT CORRELATION
FUNCTION
To obtain the mass of a hadronic state using the
QCDSR approach, the starting point is the two-point
correlation function
Πµν(q) = i
∫
d4x eiq·x〈0| T [jµ(x)j†ν (0)] |0〉
= −Π1(q2)
(
gµν − qµqν
q2
)
+Π0(q
2)
qµqν
q2
, (5)
where jµ(x) is the mixed charmonium-tetraquark inter-
polating current defined in Eq. (4). The functions Π1(q
2)
and Π0(q
2) are two independent invariant functions as-
sociated with spin-1 and spin-0 mesons, respectively.
According to the principle of duality, Eq. (5) can be
evaluated in two ways: in the OPE side, we calculate the
correlation function in terms of quarks and gluon fields
using the Wilson’s operator product expansion. The phe-
nomenological side is evaluated by inserting, in Eq. (5),
a complete set of intermediate states with 1−− quantum
numbers. In this side, we parametrize the coupling of
the vector state Y with the current defined in Eq. (4)
through the coupling parameter λY
〈0|jµ(x)|Y 〉 = λY ǫµ. (6)
where ǫµ is the polarization vector. Using Eq. (6), we
can write the phenomenological side of Eq. (5) as
Πfenµν (q) =
λ2Y
M2Y − q2
(
gµν − qµqν
q2
)
+ . . . (7)
where mY is the mass of the Y state and the dots, in the
second term in the RHS of Eq. (7), denotes the higher
resonance contributions which will be parametrized, as
usual, through introduction of the continuum threshold
parameter s0 [32].
The OPE side can be written in terms of a dispersion
relation
ΠOPE(q2) =
∞∫
4m2c
ds
ρOPE(s)
s− q2 , (8)
where ρOPE(s) is given by the imaginary part of the cor-
relation function: πρOPE(s) = Im[ΠOPE(s)]. In this
side, we work at leading order in αs in the operators and
we consider the contributions from the condensates up to
dimension eight. Although we will consider only a part of
the of the dimension 8 condensates (related to the quark
condensate times the mixed condensate), in Ref. [33] it
was shown that this is the most important dimension 8
condensate contribution.
Considering the current in Eq. (4), Eq. (5) in the OPE
side can be written as
Πµν(q) =
〈q¯q〉2
2
cos2 (θ) Π22µν(q) + sin
2 (θ) Π44µν(q)
+
〈q¯q〉√
2
sin (θ) cos (θ)
[
Π24µν(q) + Π
42
µν(q)
]
, (9)
with
Πijµν(q) = i
∫
d4x eiq·x〈0|T [jiµ(x)jj†ν (0)]|0〉. (10)
Clearly Π22µν(q) and Π
44
µν(q) are, respectively, the correla-
tion functions of the J/ψ and [cq][c¯q¯] tetraquark state.
After making a Borel transform in both sides, and
transferring the continuum contributions to the OPE
side, the sum rule in the gµν structure for the vector
meson can be written as
λ2Y e
−m2Y /M2B =
〈q¯q〉2
2
cos2(θ) Π221 (M
2
B) + sin
2(θ) Π441 (M
2
B)
+
〈q¯q〉√
2
sin(θ)cos(θ)
[
Π241 (M
2
B) + Π
42
1 (M
2
B)
]
,
(11)
where
Π221 (M
2
B) =
s0∫
4m2c
ds e−s/M
2
Bρ22pert(s) + Π
22
〈G2〉(M
2
B),
(12)
Π441 (M
2
B) =
s0∫
4m2c
ds e−s/M
2
B
(
ρ44pert(s) + ρ
44
〈q¯q〉(s)+
+ ρ44〈G2〉(s) + ρ
44
〈q¯Gq〉(s) + ρ
44
〈q¯q〉2(s)+
+ ρ44〈8〉
)
+Π44〈8〉(M
2
B), (13)
Π241 (M
2
B) =
s0∫
4m2c
ds e−s/M
2
Bρ24〈q¯q〉(s) + Π
24
〈q¯Gq〉(M
2
B).
(14)
The expressions for the spectral density ρ(s) appearing
in Eqs. (12) - (14) for the charmonium and tetraquark
states, as well as the mixed terms are listed in Appendix
A.
By taking the derivative of Eq. (11) with respect to
1/M2B and dividing the result by Eq. (11), we obtain
m2Y = −
dK(M2B ,θ)
d(1/M2
B
)
K(M2B, θ)
, (15)
3where
K(M2B, θ) ≡ 〈q¯q〉
2
2 cos
2(θ)Π221 (M
2
B) + sin
2(θ)Π441 (M
2
B)
+ 〈q¯q〉√
2
sin(θ)cos(θ)
[
Π241 (M
2
B) + Π
42
1 (M
2
B)
]
.
Eq. (15) will be used to extract the mass of the
charmonium-tetraquark state.
A. Numerical Analysis
In Table I we list the values of the quark masses and
condensates that we have used in our numerical analy-
sis. For a consistent comparison with results obtained
for the others works using QCD sum rules, these param-
eters values used here are the same values used in Refs.
[25, 27, 34, 35].
TABLE I. Quark masses and condensates values.
Parameters Values
mc(mc) (1.23 ± 0.05) GeV
〈q¯q〉 −(0.23± 0.03)3 GeV3
〈q¯gσ.Gq〉 m20〈q¯q〉
m20 (0.8± 0.1) GeV2
〈g2sG2〉 (0.88 ± 0.25) GeV4
The continuum threshold is a physical parameter that,
in the QCDSR approach, should be related to the first
excited state with the same quantum numbers. In some
known cases, like the ρ and J/ψ, the first excited state
has a mass approximately 0.5 GeV above the ground
state mass. Since in our study we do not know the ex-
perimental spectrum for the hadrons studied, we will fix
the continuum threshold range starting with the smaller
value which provides a valid Borel window, as explained
below. Using this criterion, we obtain s0 in the range
4.6 ≤ √s0 ≤ 4.8 GeV.
Reliable results can be extracted from the sum rule
if is possible to determine a valid Borel Window. Such
Borel window is obtained by imposing a good OPE con-
vergence, the dominance of the pole contribution and a
good Borel stability. To determine the minimum value of
the Borel mass we adopt the criterion for which the con-
tribution of the higher dimension condensate should be
smaller than 15% of the total contribution. Thus,M2Bmin
is such that∣∣∣∣∣OPE summed up to dim n-1(M
2
Bmin)
total contribution(M2Bmin)
∣∣∣∣∣ = 0.85.
(16)
In Fig. 1 we plot the relative contributions of all the
terms in the OPE side. We have used
√
s0 = 4.70 GeV
and θ = 530. For others θ values outside the range
52.50 ≤ θ ≤ 53.50, we do not have a good OPE con-
vergence. From this figure we see that the contribution
of the dimension-8 condensates is smaller than 15% of the
total contribution for values of M2B ≥ 2.4 GeV2, indicat-
ing a good OPE convergence. Therefore, we fix the lower
value of M2B in the sum rule window as: M
2
Bmin = 2.4
GeV2.
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FIG. 1. The OPE convergence in the region 2.0 ≤ M2B ≤ 6.0
GeV2 for
√
s0 = 4.70 GeV. We plot the relative contribu-
tions start with perturbative contribution (line with circles),
and each other lines represents the relative contribution after
adding of one extra condensate in expansion: +〈q¯q〉 (dot-
dashed line), +〈G2〉 (long-dashed line), +〈q¯gσ.Gq〉 (dotted
line), +〈q¯q〉2 (dashed line) and 〈q¯q〉〈q¯gσ.Gq〉 (solid line).
To determine the maximum value of the Borel mass
(M2Bmax) we must analyse the pole-continuum contribu-
tion. Unlike the pole contribution, the continuum con-
tribution increases with M2B due to the dominance of
the perturbative contribution. Therefore, the maximum
value of the Borel mass is determined in the point that
the pole contribution is equal to the continuum contri-
bution.
In Fig. 2 we see a comparison between the pole
and continuum contributions. It is clear that the pole
contribution is equal to the continuum contribution for
M2B = 2.90 GeV
2. Therefore, for
√
s0 = 4.70 GeV
2 and
θ = 530 the Borel window is: 2.4 ≤M2B ≤ 2.90 GeV2.
After we have determined the Borel window, we can
calculate the ground state mass, which is shown, as a
function of M2B, in the Fig. 3. From this figure we see
that there is a very good stability in the ground state
mass in the determined Borel Window, which are repre-
sented, through the crosses in Fig. 3.
Varying the value of the continuum threshold in the
range
√
s0 = 4.70 ± 0.10 GeV, the mixing angle in the
range θ = (53.0 ± 0.5)0, and the other parameters as
indicated in Table I, we get:
mY = (4.26± 0.13) GeV, (17)
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FIG. 2. The pole contribution (divided by the total, pole
plus continuum, contribution) represented by solid line and
the continuum contribution (dotted line) for the
√
s0 = 4.70
GeV.
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FIG. 3. The mass as a function of the sum rule parameterM2B
for
√
s0 = 4.60 GeV (dotted line),
√
s0 = 4.70 GeV (solid line),√
s0 = 4.80 GeV (long-dashed line). The crosses indicate the
valid Borel Window.
which is in a very good agreement with the experimental
mass of the Y (4260).
Once we have determined the mass, we can use this
value in Eq. (11) to estimate the meson-current coupling
parameter, defined in Eq. (6). We have used the same
values of the s0, θ and Borel Window used for the mass
calculation. Thus, we get:
λY = (2.00± 0.23)× 10−2 GeV5. (18)
The parameter λY gives a measure of the strength of the
coupling between the current and the state. The result in
Eq. (18) has the same order of magnitude as the coupling
obtained for the X(3872) [34], for example.
IV. THE VERTEX FUNCTION AND THE
DECAY WIDTH OF THE Y (4260)
The QCDSR technique can also be used to extract cou-
pling constants and form factors. In particular, in Ref.
[36] the authors determined the form factors and coupling
constants in many hadronic vertices containing charmed
mesons, in the framework of QCD sum rules. In this sec-
tion, we will use the QCDSR approach to determine the
coupling constant associated with the vertex Y J/ψσ to
estimate the decay width of the process Y → J/ψππ. We
are assuming that the two pions in the final state come
from the σ meson.
To determine the coupling constant associated with
the vertex Y J/ψσ, we must evaluate the vertex function
(three-point function) defined as
Πµν(p, p
′, q) =
∫
d4xd4yeip
′·xeiq·yΠµν(x, y), (19)
with p = p′ + q and Πµν(x, y) given by
Πµν(x, y) = 〈0|T {jψµ (x)jσ(y)jY †ν (0)}|0〉. (20)
The interpolating fields appearing in Eq. (20) are the
currents for J/ψ, σ and Y (4260), respectively. The cur-
rents for J/ψ and Y were defined by Eqs. (1) and (4).
For the meson σ, we have
jσ =
1√
2
(
u¯a(x)ua(x) + d¯a(x)da(x)
)
. (21)
As in the case of two-point function studied in the pre-
vious section, the three-point correlation function defined
by Eq. (19) can also be described in terms of hadronic
degrees of freedom (Phenomenological side) or in terms
of quarks and gluons fields (OPE side). In order to eval-
uate the phenomenological side of the sum rule we insert,
in Eq.(19), intermediate states for Y , J/ψ and σ. Using
the definitions:
〈0|jψµ |J/ψ(p′)〉 = mψfψǫµ(p′),
〈0|jσ|σ(q)〉 = Aσ,
〈Y (p)|jYν |0〉 = λY ǫ∗ν(p), (22)
we obtain the following relation:
Π(phen)µν (p, p
′, q) =
λYmψfψAσ gY ψσ(q
2)
(p2 −m2Y )(p′2 −m2ψ)(q2 −m2σ)
(23)
×((p′ · p)gµν − p′νqµ − p′νp′µ) + · · · ,
where the dots stand for the contribution of all possible
excited states. The form factor, gY ψσ(q
2), is defined by
the generalization of the on-mass-shell matrix element,
〈J/ψσ|Y 〉, for an off-shell σ meson:
〈J/ψσ|Y 〉 = gY ψσ(q2)(p′ ·p ǫ∗(p′)·ǫ(p)−p′ ·ǫ(p) p ·ǫ∗(p′)),
(24)
5which can be extracted from the effective Lagrangian that
describes the coupling between two vector mesons and
one scalar meson:
L = igY ψσVαβAαβ σ (25)
where Vαβ = ∂αYβ − ∂βYα and Aαβ = ∂αψβ − ∂βψα, are
the tensor fields of the Y and ψ fields respectively.
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FIG. 4. Diagrams which contribute to the OPE side of the sum rule for the structure p′νqµ.
In the OPE side, we work at leading order in αs and we
consider the condensates up to dimension five, as shown
in Fig. 4. We have chosen to work in the p′νqµ structure
since it has more terms contributing for the OPE. Taking
the limit p2 = p′2 = −P 2 and doing the Borel transform
to P 2 →M2, we get the following expression for the sum
rule in the structure p′νqµ:
λY Aσmψfψ
(m2Y −m2ψ)
gY ψσ(Q
2)
(
e−m
2
ψ/M
2 − e−m2Y /M2
)
+
+B(Q2) e−s0/M
2
= (Q2 +m2σ)Π
(OPE)(M2, Q2),
(26)
whereQ2 = −q2, and B(Q2) gives the contribution to the
pole-continuum transitions [29, 37–39]. Π(OPE)(M2, Q2)
is given by
Π(OPE)(M2, Q2) =
sin(θ)
3 24
√
2π2
1∫
0
dαe
−m2c
α(1−α)M2 ×
×
{mc〈q¯gσ.Gq〉
Q2
[1− 2α(1 − α)
α(1− α)
]
− 〈g
2
sG
2〉
25π4
}
.
(27)
The sine present in Eq. (27) indicates that only the
tetraquark part of current in Eq. (4) contributes to the
OPE side. In fact, the charmonium part of the current
gives only disconnected diagrams that are not considered.
In Eq. (26) mψ and fψ are the mass and decay con-
stant of the J/ψ and mσ is the mass of the σ meson.
Their values are: mψ = 3.1 GeV, fψ = 0.405 GeV [40],
and mσ = 0.478 GeV [41]. The parameters λY and Aσ
represent, respectively, the coupling of the Y and σ states
with the currents defined in Eq. (6) and (22). The value
of λY is given in Eq. (18), while Aσ was determined in
Ref. [42] and its value is Aσ = 0.197 GeV
2.
Similarly to what was done to get mY in Eq. (15), one
can use Eq. (26) and its derivative with respect to M2
to eliminate B(Q2) from these equations and to isolate
gY ψσ(Q
2). A good sum rule must be as much indepen-
dent of the Borel mass as possible. Therefore, we have to
determine a region in the Borel mass where the form fac-
tor is independent ofM2. In Fig. 5 we show gY ψσ(Q
2) as
a function of both M2 and Q2. Notice that in the region
7.0 ≤M2 ≤ 10.0 GeV2, the form factor is clearly stable,
as a function of M2, for all values of Q2.
The squares in Fig. 6 show the Q2 dependence of
gY ψσ(Q
2), obtained for M2 = 8.0 GeV2. For other val-
ues of the Borel mass, in the range 7.0 ≤ M2 ≤ 10.0
GeV2, the results are equivalent. Since we are interested
in the coupling constant, which is defined as value of the
form factor at the meson pole: Q2 = −m2σ, we need to
extrapolate the form factor for a region of Q2 where the
QCDSR is not valid. This extrapolation can be done by
parametrizing the QCDSR results for gY ψσ(Q
2) using a
monopole form:
6gY ψσ(Q
2) =
g1
g2 +Q2
. (28)
We do the fit for
√
s0 = 4.74 GeV. We notice that
the results do not depend much on this parameter. The
results are:
g1 = (0.58 ± 0.04)GeV; g2 = (4.71 ± 0.06)GeV2. (29)
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FIG. 5. gY ψσ(Q
2) values obtained by varying both Q2 and
M2.
The solid line in Fig. 6 shows that the parametrization
given by Eq. (28) reproduces very well the QCDSR re-
sults for gY ψσ(Q
2), in the interval 2.0 ≤ Q2 ≤ 4.0 GeV2,
where the QCDSR is valid.
The coupling constant, gY ψσ is given by using Q
2 =
−m2σ in Eq. (28). We get:
gY ψσ = gY ψσ(−m2σ) = (0.13± 0.01) GeV−1. (30)
The error in the coupling constant given above comes
from variations in s0 in the range 4.6 ≤ s0 ≤ 4.8 GeV2,
and in the mixing angle 52.50 ≤ θ ≤ 53.50.
In Table II, we show the other values of the coupling
constant corresponding to the values of
√
s0 that we have
considered in our calculations.
Table II: Monopole parametrization of the QCDSR results
for the chosen structure, for different values of
√
s0
√
s0 (GeV) gY ψσ(Q
2) (GeV−1) gY ψσ(Q
2 = −m2σ) (GeV−1)
4.6 0.63
Q2+4.66
0.14
4.7 0.57
Q2+4.71
0.13
4.8 0.53
Q2+4.77
0.12
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FIG. 6. QCDSR results for gY ψσ(Q
2), as a function of Q2,
for
√
s0 = 4.76 GeV (squares). The solid line gives the
parametrization of the QCDSR results through Eq. (28).
The decay width for the process Y (4260) → J/ψσ →
J/ψππ in the narrow width approximation is given by
dΓ
ds
(Y → J/ψππ) = 1
8πm2Y
|M|2m
2
Y −m2ψ + s
2m2Y
× Γσ(s)mσ
π
p(s)
(s−m2σ)2 + (mσΓσ(s))2
, (31)
with p(s) given by
p(s) =
√
λ(m2Y ,m
2
ψ, s)
2mY
, (32)
where λ(a, b, c) = a2+b2+c2−2ab−2ac−2bc, and Γσ(s)
is the s-dependent width of an off-shell σ meson [41]:
Γσ(s) = Γ0σ
√
λ(s,m2pi ,m
2
pi)
λ(m2Y ,m
2
pi,m
2
pi)
m2Y
s
, (33)
where Γ0σ is the experimental value for the decay of the σ
meson into two pions. Its value is Γ0σ = (0.324± 0.042±
0.021) GeV [41].
The invariant amplitude squared can be obtained from
the matrix element in Eq. (24). We get:
|M|2 = g2Y ψσ(s)f(mY ,mψ, s), (34)
where gY ψσ(s) is the form factor in the vertex Y J/ψσ,
given in Eq. (28) using s = −Q2, and
f(mY ,mψ, s) =
1
3
(
m2Ym
2
ψ +
1
2
(m2Y +m
2
ψ − s)2
)
.
7Therefore, the decay width for the process Y (4260)→
J/ψππ is given by
Γ =
mσ
16π2m4Y
I, (35)
where we have defined
I =
∫ (mY −mψ)2
(2mpi)2
ds g2Y ψσ(s)Γσ(s)(m
2
Y −m2ψ + s)
× f(mY ,mψ, s) p(s)
(s−m2σ)2 + (mσΓσ(s))2
. (36)
Hence, taking variations on s0 and θ in the same intervals
given above, we obtain from Eqs. (30)-(35) the following
value for the decay width
Γ(Y → J/ψππ) = (1.0± 0.2) MeV, (37)
which is not compatible with the experimental decay
width value expected for the Y (4260) state which is
around Γexp ≈ (88 ± 23) MeV [6].
V. SUMMARY AND CONCLUSIONS
In summary, we have used the QCDSR approach to
study the two-point and three-point functions of the
Y (4260) state, by considering a mixed charmonium-
tetraquark current. In the determination of the mass,
we work with the two-point function at leading order in
αs and we consider the contributions from the conden-
sates up to dimension eight. A very good agreement with
the experimental value of the mass of the Y (4260) is ob-
tained for the mixing angle around θ ≈ (53.0± 0.5)0.
To evaluate the width of the decay Y (4260)→ J/ψππ,
we work with the three-point function also at leading
order in αs and we consider the contributions from the
condensates up to dimension five. We assume that the
two pions in the final state come from a σ meson. The
obtained value for width is ΓY ≈ (1.0± 0.2) MeV, which
is much smaller than the experimental value: Γexp ≈
(88± 23) MeV.
Therefore, we conclude that the Y (4260) exotic state
cannot be described as a mixed charmonium-tetraquark
state.
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Appendix A: The spectral densities for charmonium
and tetraquark
Next, we list all the spectral densities that appear
in Eqs. (12)-(14) for charmonium Π221 (M
2
B), tetraquark
Π441 (M
2
B) state as well as the mixed terms Π
24
1 (M
2
B) and
Π421 (M
2
B). The contributions for the last two are equal,
that is, Π241 (M
2
B) = Π
42
1 (M
2
B).
For the charmonium contribution, the spectral densi-
ties are written below [24]
ρpert22 (s) =
s〈q¯q〉2
23π2
(1 + 2m2c/s)
√
1− 4m2c/s,
(A1)
Π
〈G2〉
22 (M
2
B) = −
〈g2sG2〉〈q¯q〉2
3 · 26π2
1∫
0
dα
{
2 +
+
m2c(1− 7α− 2α2)
α(1 − α)2M2B
+
4m4c
M4B(1 − α)3
}
e
− m
2
c
M2
B
α(1−α) .
(A2)
For the tetraquark we have
ρpert44 (s) = −
1
3 · 210π6
αmax∫
αmin
dα
α3
1−α∫
βmin
dβ
β3
F 3(1− α− β)
×
(
2m2c(1− α− β)2 − 3F (1 + α+ β)
)
, (A3)
ρ
〈q¯q〉
44 (s) = 0 (A4)
ρ
〈G2〉
44 (s) = −
〈g2sG2〉
32 · 211π6
αmax∫
αmin
dα
α
1−α∫
βmin
dβ
β3
×
×
[
2m4cα(1− α− β)3 − 3m2cF (1− α− β)×
× (2α2 + α(8 + 3β) + β(1 + β) − 2)+
+6F 2β(1 − 2α− 2β)
]
, (A5)
ρ
〈q¯Gq〉
44 (s) = −
〈q¯Gq〉
3 · 27π4
{
3mc
αmax∫
αmin
dα
α2
1−α∫
βmin
dβ
β
F
[
α2 −
−α(1 + β)− 2β2
]
+ms
αmax∫
αmin
dα
[
16m2c + 2H
(
1− α
α
)
−
−
1−α∫
βmin
dβ
β
(
m2c(9 − 3α− 5β) + 7F
)]}
, (A6)
8ρ
〈q¯q〉2
44 (s) =
s〈q¯q〉2
32 · 24π2 (1− 16m
2
c/s)
√
1− 4m2c/s(A7)
ρ
〈8〉
44 (s) = −
〈q¯q〉〈q¯Gq〉
3 · 25π2
αmax∫
αmin
dα α(5− 6α) (A8)
Π
〈8〉
44 (M
2
B) = −
m2c〈q¯q〉〈q¯Gq〉
3 · 24π2
1∫
0
dα×
×
[
α2 − 2m2c
M2Bα(1 − α)
]
e
− m
2
c
M2
B
α(1−α) , (A9)
Finally, for the mixed term we have
ρ
〈q¯q〉
24 (s) = −
s〈q¯q〉2
3 · 23π2 (1 + 2m
2
c/s)
√
1− 4m2c/s,
(A10)
Π
〈q¯Gq〉
24 (M
2
B) = −
m2c〈q¯q〉〈q¯Gq〉
3 · 23π2
1∫
0
dα
α
e
− m
2
c
M2
B
α(1−α)
(A11)
In all these expressions we have used the following def-
initions:
F = (α+ β)m2c − αβs, (A12)
H = m2c − α(1 − α)s, (A13)
and the integration limits are:
αmin =
1−
√
1− 4m2c/s
2
, (A14)
αmax =
1 +
√
1− 4m2c/s
2
, (A15)
βmin =
αm2c
(sα−m2c)
. (A16)
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